Introduction {#Sec1}
============

From the very beginning of community modelling, ordinary differential equations (ODEs) have been its main tool. This notwithstanding the fact that much earlier Euler ([@CR18]) and other mathematicians working on population dynamics had already considered age structured models, see (Bacaër [@CR2], [@CR3]; Gyllenberg [@CR26]) for more information on the history of population dynamics. This probably had two causes, the architects of the initial flurry in the nineteen-twenties and thirties (cf. Scudo and Ziegler [@CR42]) and their successors like MacArthur and May (cf. Kingsland [@CR29]) got their inspiration from the successes of physics, which is dominated by differential equations, and ODEs are rather easier to write down and analyse than e.g. integral equations. However, the assumptions needed to arrive at ODEs generally match biological reality less closely, and give these models more of a toy character: good to get new ideas, but difficult to match in some detail to concrete ecological systems. That for the latter age may well matter also mathematicians know from their immediate experience: few women give birth before the age of ten and while most humans nowadays reach their seventy's anniversary still few live beyond a century. For this reason, many mathematical modellers turned to age as a structuring variable, even in the non-linear realm. However, for ectotherms, that is, all organisms other than mammals and birds, size usually matters far more than age (cf. de Roos and Persson [@CR7]). We have spent considerable effort in the past to develop tools for studying general physiologically structured models in the hope to gradually overcome the surviving endotherm-bias of the modelling community. Yet ODE models remain paramount as didactical tools and for the initial exploration of so far unexplored mechanisms, notwithstanding the disadvantage that in these models individual level mechanisms generally can only be fudged instead of faithfully represented. Given this situation, it becomes of importance to explore in what manner ODE models fit among the physiologically structured ones. Of course, there is the boringly simple embedding of the unrealistic case where individuals indeed have only a single, or at most a few possible states.

Example 1.1 {#FPar1}
-----------

Consider a size-structured population with individual size (biomass) denoted as *x*, starting from a birth size $\documentclass[12pt]{minimal}
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                \begin{document}$$x_b$$\end{document}$, individual growth rate *g*(*x*, *E*), *E* a resource density, per capita birth rate $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{x_b \beta (x,E) + g(x,E)}{x} - \mu (x,E)=v(E), \end{aligned}$$\end{document}$$the population biomass *B* per unit of spatial area or volume (below to be abbreviated as just volume) satisfies$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{dB}{dt} = v(E)B, \end{aligned}$$\end{document}$$To see this, observe that the left hand side of ([1.1](#Equ1){ref-type=""}) corresponds to the contribution to the change in population biomass by an individual of size *x* expressed as fraction of its own biomass. So if we integrate this term over the biomass density over size (and volume), say *xn*(*t*, *x*), *n* the numeric (per unit of volume) size density, we get the total change in biomass (per unit of volume), (cf. de Roos et al. [@CR9]).

If moreover(i)the per capita contribution to the "consumptive pressure on a resource unit" is a product of an individual's size and a size-independent functional response based component, say, *f*(*E*) / *E*,(ii)all other populations in the community are similarly affected only by our focal population's biomass, and(iii)we ourselves are also only interested in this quantity,then we can for all practical purposes represent our focal population by no more than its biomass.

We call ([1.2](#Equ2){ref-type=""}) an ODE-reduction of the size-structured population model.

The question then naturally arises whether or not this example of ODE-reducibility is essentially the only one, that is, up to coordinate choices, such as in the case of isomorphs not biomass but its scaled cubic root, length. The following example shows this not to be the case.

Example 1.2 {#FPar2}
-----------

*Daphnia models.* Now let in the wake of (Kooijman and Metz [@CR30]) and (de Roos et al. [@CR8]) size be represented by length, starting from a size $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_b$$\end{document}$ at birth, the growth rate be given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$f(E)x^2$$\end{document}$. (This means that individual biomass, *w*, scaled to be equal to $\documentclass[12pt]{minimal}
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                \begin{document}$$3\delta f(E)w^{2/3}-3\varepsilon w$$\end{document}$, that is, mass intake is taken to be proportional to surface area and metabolism to biomass.) Let *n*(*t*, *x*) again denote the numeric size-density. Now define$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} N_i (t) = \int \limits _{x_b}^{x_{\max } } {x^i } n(t,x)dx, \end{aligned}$$\end{document}$$that is, $\documentclass[12pt]{minimal}
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                \begin{document}$$N_0$$\end{document}$ is the total population size, $\documentclass[12pt]{minimal}
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                \begin{document}$$N_3$$\end{document}$ the total population biomass, all per unit of volume. Then$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{dN_0}{dt}= & {} \alpha f(E)N_2 - \mu N_0, \nonumber \\ \frac{dN_1}{dt}= & {} x_{b} \alpha f(E)N_2 + \delta f(E)N_0 - (\mu + \varepsilon )N_1, \nonumber \\ \frac{dN_2}{dt}= & {} x^2_{b} \alpha f(E)N_2 + 2\delta f(E)N_1 - (\mu + 2\varepsilon )N_2, \nonumber \\ \frac{dN_3}{dt}= & {} x^3_{b} \alpha f(E)N_2 + 3\delta f(E)N_2 - (\mu + 3\varepsilon )N_3, \end{aligned}$$\end{document}$$etc.. If the only other component of the community is an unstructured resource, and we need no further output from the population than its total biomass per unit of volume, we can combine ([1.4](#Equ4){ref-type=""}) with$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{dE}{dt} = h(E) - f(E)N_2 \end{aligned}$$\end{document}$$into a sufficient representation of our community model.
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                \begin{document}$$N_0$$\end{document}$ is obvious, and so is the first term in the differential equation for $\documentclass[12pt]{minimal}
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                \begin{document}$$N_1$$\end{document}$. To understand the second term observe that *g* consists of two terms, the first of which is size independent. This term makes all individuals of the population increase their length at a rate $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta f(E)$$\end{document}$. We get the corresponding increase in the total population length by multiplying this $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta f(E)$$\end{document}$ with the total population density. The $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon $$\end{document}$ in the last term also derives from the length growth except that the corresponding term in *g* contains a factor *x*. When we account for this *x* when calculating the integral over *n* we get $\documentclass[12pt]{minimal}
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                \begin{document}$$N_1$$\end{document}$. The differential equations for the other $\documentclass[12pt]{minimal}
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                \begin{document}$$N_i$$\end{document}$ follow in a similar manner.

ODE-reducibility of age-structured models and, slightly more generally, of distributed delay systems, has been investigated since the mid 1960s (Vogel [@CR46]; Fargue [@CR19], [@CR20]; Gurtin and MacCamy [@CR22], [@CR23], [@CR24]; McDonald 1978, 1989).

It has already been known for a long while that there also exist more realistic cases, where for instance a size-structured model allows a faithful representation in ODE terms (Murphy [@CR36]; Cushing [@CR6]; Metz and Diekmann [@CR34]).

The next question is then whether we can characterise the set of *all* possible cases. For the practically important subset of cases where the population birth rate figures on the list of population outputs and with a single state variable on the level of the individuals, the last author solved this problem on a heuristic level already in 1989 during a holiday week in summer spent at the Department of Applied Physics of the University of Strathclyde. An allusion to this was given in a "note added in print" to the paper (Metz and Diekmann [@CR34]). However, it took till now before we together had plugged all the minor holes in the proof. Below you find the result.

Preview of Sects. [3](#Sec10){ref-type="sec"} to [6](#Sec15){ref-type="sec"} {#Sec2}
============================================================================

In this section we give a preview of the main content of the paper, first for theoretical biologists and probabilists and then for all kinds of mathematicians. The much shorter paper (Diekmann et al. [@CR17]) provides additional examples and may serve as a more friendly user guide to ODE-reducibility of structured population models.

Mainly for theoretical biologists and probabilists: the context of discovery {#Sec3}
----------------------------------------------------------------------------

### Biological context {#Sec4}

The term "physiologically structured population models" (PSPM) refers to large system size limits of individual-based models where (i) individuals are differentiated by physiological states, e.g. $\documentclass[12pt]{minimal}
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                \begin{document}$$x = (\mathrm {size, age})$$\end{document}$, referred to as i(ndividual)-states, (ii) the world in which these individuals live is characterized by a set of variables collectively called environmental condition, to be denoted as *E*. \[Hard proofs for the limit conjectures are still lacking except for age-based models (cf. Tran [@CR45], and the references therein), and more recently also for a class of simple (size,age)-based ones (Metz and Tran [@CR35]).\] Sections [2.2](#Sec9){ref-type="sec"} and [3](#Sec10){ref-type="sec"} go into how these deterministic models can be specified by means of equations.

The i-level model ingredients are a set of feasible i-states, $\documentclass[12pt]{minimal}
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                \begin{document}$$m \in {\mathbb {N}}$$\end{document}$, and, most commonly,(i)a rate of i-state change taken to be deterministic, *g*(*x*, *E*),(ii)a death rate, $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta (x,E)$$\end{document}$.In the general case $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta (x,E)$$\end{document}$ has as value a distribution over $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega $$\end{document}$. However, from a mathematical perspective it is preferable to use instead of "distribution" the term "measure" as this is more encompassing, and the birth rate does not total to one and may consist of a mixture of discrete and continuous distributions. (Actually, we should even be a bit more general and talk about a signed measure as a cell that divides generates a measure over the states where the daughters may land plus a compensating negative mass, equal to minus the division rate, at the state of the mother.)

*Notational convention* The value of $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta (x,E)$$\end{document}$ for the measurable set $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta (x,E,\omega )$$\end{document}$. A similar convention applies to other measure valued functions.

The p(opulation)-state then is a measure *m* on $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega $$\end{document}$. However, on many occasions it suffices to think in terms of just densities *n* on $\documentclass[12pt]{minimal}
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                \begin{document}$$n\in L^1(\varOmega )$$\end{document}$ in the mathematicians' jargon. As a consequence of how the rates are specified, when *E* is given as a function of time (below to be looked at as input) the individuals are independent (except for a possible dependence of their birth state on the state of their parents), and hence the dynamics of the p-state is linear.

The more interesting case is when *E* is determined by the surrounding community. Community models are sets of population models coupled through a common *E*. This leads to c(ommunity)-state spaces that are products of the state spaces of the comprised species, times the state spaces of any non-living resources. The mass action principle tells that generally *E* can be calculated by applying a linear map to the c-state, like when a predation pressure equals the sum of the predation pressures exerted by all individuals in the community. This leads us to the final set of ingredients of a population model:(iv)functions of (*x*, *E*), like biomass or per capita feeding rate, that when cumulated over all individuals produce components of the population output.Side remarks on terminology: In our context, each output component is thus obtained by taking the integral of the p-state over $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega $$\end{document}$ after multiplying it with a, possibly *E*-dependent, function of the i-state variables. This function specifies the relationship between the i-state and the property that we want to measure, e.g., biomass as a function of length. In mathematical jargon we say that the output components are obtained by applying a linear functional, i.e., a linear map from the p-state space to the real numbers. The corresponding function will be referred to as weight function, and for a p-state *m* and weight function $\documentclass[12pt]{minimal}
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                \begin{document}$$\left\langle {m,\psi } \right\rangle $$\end{document}$.

The population dynamical behaviour of individuals almost never can be captured in terms of a finite number of i-states. Yet, ecological discourse is dominated by ODE models. This leads to the philosophical question which of these models can be justified from the more realistic physiologically structured populations perspective. At the more pragmatic side there is moreover the problem that in community biology PSPM usually become too difficult to handle for more than two or three species. This leads to the complementary question whether there are relevant choices of model ingredients for which a PSPM can be represented by a low dimensional system of ODEs. To answer these questions we looked at populations as state-linear input--output relations, with *E* as input, and as output a population's contribution to *E* as well as anything that 'a client' may want to keep track of. The key question addressed in this paper is thus: under what conditions on the model ingredients is it possible to obtain the same input--output relation when the PSPM is replaced by a finite dimensional ODE? (This representation may have an interpretation in its own right, but this is not required.) If such a representation is possible, we say that the population model is reduced to the ODE or that the input--output relation is realised by it.

### The mathematical question {#Sec5}

Our starting point thus are models that can be represented as in the following diagram. Fig. 1Structure of models with output

In Fig. [1](#Fig1){ref-type="fig"}*Y* is the p-state space and $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}^r$$\end{document}$ the output space. *E* is the time course of the environment and $\documentclass[12pt]{minimal}
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                \begin{document}$$U_E^c (t,s)$$\end{document}$ the (positive) linear state transition map with $\documentclass[12pt]{minimal}
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                \begin{document}$$s,\; t$$\end{document}$ the initial and final time. (The upper index *c* here refers to the mathematical construction of the p-state, explained in Sect. [3](#Sec10){ref-type="sec"}, through the cumulation of subsequent generations.) Finally *O*(*E*(*t*)) is the linear output map. The mathematical question then is under which conditions on the model ingredients it is possible to extend the diagram in Fig. [1](#Fig1){ref-type="fig"} (for all $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPhi _E (t,s)$$\end{document}$ a linear state transition map (which should be differentiable with respect to *t*) and *Q*(*E*(*t*)) a linear output map. The dynamics of the output cannot be generated by an ODE when the space spanned by the output vectors at a given time is not finite dimensional. Hence ODE reducibility implies that there exists an *r* such that the outputs at a given time can be represented by $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}^r$$\end{document}$. (Below we drop the time arguments to diminish clutter, except in statements that make sense only for each value of the argument separately, or when we need to refer to those arguments.) Moreover, the biological interpretation dictates that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} O(E)m= \left\langle {m,\varGamma (E) } \right\rangle :=\int _\varOmega \varGamma (E)(x)m(dx), \end{aligned}$$\end{document}$$where *m* is the p-state and the components of the vector $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma _i(E): \varOmega \rightarrow \mathbb {R}$$\end{document}$.
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                \begin{document}$$U^c_E (t,s)$$\end{document}$ and *O*(*E*(*t*)) we can without loss of generality assume *P*, $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPhi _E (t,s)$$\end{document}$ and *Q*(*E*(*t*)) to be linear. Moreover, ODE reducibility requires that *P* can be written as $\documentclass[12pt]{minimal}
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### A tool {#Sec6}
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### Testing combinations of model ingredients for ODE reducibility {#Sec7}

The classical search heuristic for finding a state space representation for a given set of dynamical variables in continuous time is to see whether their derivatives can be expressed in terms of the variables themselves, and, if not, to join the derivatives for which this is not the case as additional prospective state variables to the original set, whereupon the procedure is repeated till one succeeds or runs out of patience (cf. Diekmann et al. [@CR16], p. 1443; Fargue [@CR19]).

If one is after a representation as a state linear system with a linear output map, "can be expressed as" translates to "is linearly dependent on", a property that can be checked algorithmically, so that with infinite patience we end up with a firm conclusion. In our case the only difference is that we choose not to look at the output variables themselves, but at the weight functions by which they are produced from the population state, and therefore replace the time derivative of the output variables by the backward operator applied to these functions.

*Notation* For the remainder of this subsection we shall again use *E* to denote the environmental conditions, as opposed to the course of the environment as we did in the previous two subsections.TESTChoose a basis $\documentclass[12pt]{minimal}
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If the biological ingredients of a model satisfy the above test, it is possible to go directly from the ingredients to the ODE.

#### Example 2.1 {#FPar3}

*Daphnia models, continued.* In Example [1.2](#FPar2){ref-type="sec"} the output weight functions were $\documentclass[12pt]{minimal}
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Integrating ([2.11](#Equ16){ref-type=""}) to ([2.13](#Equ18){ref-type=""}) left and right over the p-state gives ([1.4](#Equ4){ref-type=""}). This is why we could reorder ([2.11](#Equ16){ref-type=""}) to ([2.13](#Equ18){ref-type=""}) to look like ([1.4](#Equ4){ref-type=""}), with the $\documentclass[12pt]{minimal}
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#### Remark {#FPar4}

At first sight the TEST may not seem very practical as deciding that a certain set of model ingredients is not ODE reducible may require infinitely many operations. However, if the model ingredients come in the form of explicit expressions it can often be inferred from these whether the combination of ingredients will or will not pass the test. And even when those expressions on first sight are less than transparent, not all is lost, as in practice people are generally not so much interested in whether a certain model is ODE reducible as such, but in whether there exists a representation with a relatively low dimensional state space, which after specification of the maximum allowed dimension leads to a task executable by e.g. Maple^TM^ or Mathematica^®^.

### A catalogue of ODE reducible models {#Sec8}

Modellers often initially still have quite some freedom in their choice of model ingredients. Hence it is useful to construct catalogues of classes of ODE reducible models, to help them make their choices with an eye on future model tractability (for a good example, see (Cushing [@CR6])). For this purpose observe that the TEST is no more than an attempt to construct a vector $\documentclass[12pt]{minimal}
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#### Remark {#FPar5}

In earlier papers like (Metz and Diekmann [@CR34]) we referred to ODE reducible models satisfying ([2.15](#Equ20){ref-type=""}) as ordinarily ODE reducible or ODE reducible *sensu stricto*, as these models then were the only ones figuring in discussions of ODE reducibility (or linear chain trickability as it then was called).
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                \begin{document}$$\alpha _j$$\end{document}$ are the weight functions telling how the birth rates depend on the i-states (see Formula ([2.15](#Equ20){ref-type=""})).

The remainder of the paper is geared to an audience of analysts, and accordingly stresses proofs, instead of interpretation-based heuristics.

For mathematicians: the context of justification {#Sec9}
------------------------------------------------

We shall look at a community as a set of coupled populations. The coupling is mediated by the environment, denoted by *E*. On the one hand individuals react to the environment, on the other hand they influence their environment. We concentrate on a single population and pretend that *E* is a given function of time taking values in a set $\documentclass[12pt]{minimal}
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In order to account for the population dynamical behaviour of individuals (giving birth, dying, impinging on the environment), we first introduce the concept of *individual state* (i-state). Given the course of the environment, the i-states of the individuals independently move through the i-state space and their current position is all that matters at any particular time. The use of the word *state* entails the Markov property; admittedly idealisation is involved and finding the i-state space as well as specifying the relevant environmental variables is often a process of trial and error. The art of modelling comprises deliberate simplification in order to gain significant insights.
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*A word of warning* We usually denote a Borel *subset* of $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$. We are aware of a different notational convention in probability theory where $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega $$\end{document}$. We hope this will not lead to confusion.

In many models the p-state can adequately be represented by a density $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{dn}{dt}(t) = A(E(t))n(t) = A_0(E(t))n(t) + B(E(t))n(t) \end{aligned}$$\end{document}$$captures that the density *n*(*t*) changes in time due to(i)transport through $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega $$\end{document}$ due to i-state development such as growth of individuals, and degradation due to death of individuals,(ii)reproduction.The effects of (i) are incorporated in the action of $\documentclass[12pt]{minimal}
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                \begin{document}$$A_0(E)$$\end{document}$ and the effects of (ii) in the action of *B*(*E*). Since the i-states of offspring are, as a rule, quite different from the i-states of the parent, the operator *B*(*E*) is usually non-local. When $\documentclass[12pt]{minimal}
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                \begin{document}$$x \in \varOmega $$\end{document}$ specifies the size of an individual, growth is deterministic and giving birth does not affect the parent's size, the abstract ODE ([2.18](#Equ23){ref-type=""}) corresponds to the PDE$$\documentclass[12pt]{minimal}
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                \begin{document}$$\int _\varOmega \widetilde{\beta }(\cdot ,\cdot ,x)dx$$\end{document}$ denoting, respectively, the growth, death, and reproduction rate of an individual with the specified i-state under the specified environmental condition.

The mathematical justification of ([2.18](#Equ23){ref-type=""}) or ([2.19](#Equ24){ref-type=""}) is cumbersome. In particular, it is difficult to give a precise characterisation of the domains of the various unbounded operators. Note that we are not in the setting of (generators of) semigroups of linear operators for which some results can be found in the paper by Atay and Roncoroni ([@CR1]). Indeed, we are dealing with evolutionary systems and for this non-autonomous analogue of semigroups a one-to-one correspondence between an evolutionary system and a generating family of differential operators is not part of a well-established theory (but see our earlier work (Clément et al. [@CR5]; Diekmann et al. [@CR11]) for some results in that direction). As shown by Diekmann et al. ([@CR12], [@CR13]), one can actually avoid the differential operators. In the next section we present this approach in the setting where, because of assumptions concerning reproduction, we can work with densities rather than measures. In the present section we simply ignore the mathematical difficulties and proceed formally.

If the test described in Sects. [4.1](#Sec12){ref-type="sec"} and [2.1.4](#Sec7){ref-type="sec"} yields a positive result in the end, it providesan integer *k*,a bounded linear map $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{d}{dt}N(t)= K(E(t))N(t). \end{aligned}$$\end{document}$$The p-output that is needed in the community model, which is our ultimate interest, as well as any other p-output that we are interested in, was the starting point for the test and thus is incorporated in *N*, so we can focus our attention on the finite dimensional ODE ([2.22](#Equ27){ref-type=""}) and forget about the infinite dimensional version ([2.18](#Equ23){ref-type=""}) from which it was derived.
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                \begin{document}$$\widetilde{\beta }$$\end{document}$ is such that the restriction ([2.24](#Equ29){ref-type=""}) holds, then the full infinite-dimensional system ([2.18](#Equ23){ref-type=""}) is reducible to the finite dimensional ODE ([2.22](#Equ27){ref-type=""}). In this manner we obtain a catalogue of models that are ODE-reducible and within a restricted class of models with one-dimensional i-state space the catalogue is even complete.
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In words ([2.29](#Equ34){ref-type=""}) states that the *E*-independent subspace spanned by $\documentclass[12pt]{minimal}
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When ([2.18](#Equ23){ref-type=""}) represents ([2.19](#Equ24){ref-type=""}), condition ([2.23](#Equ28){ref-type=""}) with *P* given by ([2.28](#Equ33){ref-type=""}), amounts to$$\documentclass[12pt]{minimal}
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The main result of the present paper is that problem ([2.30](#Equ35){ref-type=""}), with $\documentclass[12pt]{minimal}
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Physiologically structured population models {#Sec10}
============================================

The formulation of a population model starts at the individual level with the specification of the *individual states* (i-states for short) representing physiological conditions that distinguish individuals from one another. The set of all admissible i-states is denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega $$\end{document}$ an interval, possibly of infinite length. In that case one may think of the i-state as, for example, the size of an individual and we shall indeed often refer to the i-state as size.

The world in which individuals lead their lives has an impact on their development and behaviour. We capture the relevant aspects of the external world in a variable called the *environmental condition* denoted by *E* and taken from a set denoted by $\documentclass[12pt]{minimal}
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Dependence among individuals arises from a feedback loop: the individuals themselves exert an influence on the environmental condition, for instance, by consuming food or serving as food for predators. As a rule, this feedback loop involves several species. We refer to the paper by Diekmann et al. ([@CR15]) for a concrete example. Note, however, that the example of cannibalism shows that this rule is not universal.

We consider the environmental condition as *input* and investigate how the input leads to *output* that comprises the contribution to the (change of) the environmental condition of the species itself, or other species, or any other quantity that we happen to be interested in. By taking population outputs as inputs for other populations or inanimate resources, we can build a dynamical model of a community. The ultimate model incorporates dependence among individuals and leads to nonlinear equations. But each building block considers the environmental condition as a given input and computes population output by summing the contributions by individuals. The present paper focusses on the *population state* (p-state for short) linear (but otherwise nonlinear) input--output map generated by a single building block.

The processes that have to be modelled are:i-state development (called *growth* for short),survival,reproduction (how much offspring and with what i-state at birth).We assume that, given the environmental condition, growth is deterministic. We further assume that reproduction can be described by a per capita rate. We thus exclude, for instance, cell fission occurring exactly when the mother cell reaches a threshold size (see Example [8.5](#FPar47){ref-type="sec"}). Accordingly, and in line with Metz and Diekmann ([@CR33]) and de Roos et al. ([@CR9]), we introduce the three key model ingredients:the *growth rate* *g*(*x*, *E*),the *death rate* $\documentclass[12pt]{minimal}
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Once we have a model at the i-level, it is a matter of bookkeeping to lift it to the p-level (Metz and Diekmann [@CR33]; Diekmann and Metz [@CR10]): Equating a p-level fraction to an i-level probability one obtains the deterministic (that is, the large population limit) link between the two levels. Still there are choices to be made for the formalism to employ: it could be partial differential equations (Metz and Diekmann [@CR33]; Perthame [@CR40]; Gwiazda and Marciniak-Czochra [@CR25]) or renewal equations (RE) (Diekmann et al. [@CR12], [@CR13]). Here we choose RE, albeit not in the most general form, since reproduction is described by a per capita rate.

As a first step we build composite ingredients from the basic ingredients $\documentclass[12pt]{minimal}
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We shall provide a constructive definition of the following quantities:$$\documentclass[12pt]{minimal}
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Relation ([3.7](#Equ59){ref-type=""}) is the Chapman--Kolmogorov equation and ([3.8](#Equ60){ref-type=""}) is a similar consistency relation relating growth, survival and reproduction.

We omit the straightforward proof of Lemma [3.1](#FPar6){ref-type="sec"}, but note that, essentially, the consistency relations reflect the uniqueness of solutions to Eqs. ([3.1](#Equ53){ref-type=""}) and ([3.3](#Equ55){ref-type=""}).
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Because every member of the clan is either a child of the ancestor or a child of a member of the clan, or, alternatively, either a child of the ancestor or a member of the clan of a child of the ancestor, we obtain a consistency relation in terms of the following RE:$$\documentclass[12pt]{minimal}
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In order to incorporate both the founding ancestor and the development of the descendants after birth, we finally define$$\documentclass[12pt]{minimal}
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Theorem 3.2 {#FPar7}
-----------
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The proof of Theorem [3.2](#FPar7){ref-type="sec"} proceeds by proving ([3.17](#Equ69){ref-type=""}) first and next use this identity to verify ([3.16](#Equ68){ref-type=""}). The papers (Diekmann et al. [@CR12], [@CR13], [@CR14]) contain a much more detailed exposition of this constructive approach, including proofs of ([3.16](#Equ68){ref-type=""}) and ([3.17](#Equ69){ref-type=""}) in a generalised form with the instantaneous rate $\documentclass[12pt]{minimal}
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                \begin{document}$$\varLambda $$\end{document}$, necessitating the use of the Stieltjes integral, which can be avoided here since we assume that offspring are produced at a per capita rate, so with some probability per unit of time. In our paper (Diekmann et al. [@CR12]) we considered general linear time dependent problems (the time dependence corresponding to fixing an input). In the paper (Diekmann et al. [@CR13]) we explicitly considered input, but focussed on the feedback loop that captures dependence. As the notation of (Diekmann et al. [@CR13]) is not ideal for investigating the problem introduced in the next section, we have adopted in the present exposition a different, more suitable notation, viz. the use of the subscript *E*. In the paper (Diekmann et al. [@CR14]) the main objective was to characterise the steady states.

The central idea of the modelling and analysis methodology of physiologically structured populations is that we view the population state as a measure *m* on $\documentclass[12pt]{minimal}
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In a previous paper (Diekmann et al. [@CR16]) we have already considered what amounts to population level conditions for ODE-reducibility, in this paper we concentrate on finding i-level ones.

Finite dimensional state representation {#Sec11}
=======================================

General considerations {#Sec12}
----------------------

Let *Y* be a vector space. We do not yet fix a topology for *Y*, but note that if $\documentclass[12pt]{minimal}
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The adjoint of a forward evolutionary system characterised by ([4.1](#Equ73){ref-type=""})--([4.2](#Equ74){ref-type=""}) is a backward evolutionary system (see Clément et al. [@CR5]; Diekmann et al. [@CR11]). For these it is more natural to think of *s* as the dynamic variable with respect to which we differentiate. Since the restriction of an evolutionary system to the diagonal in the (*t*, *s*)-plane is the identity operator, the derivative with respect to *t* is simply minus the derivative with respect to *s* at the diagonal. This observation suffices for our purpose and we therefore do not elaborate the forward-backward duality here.
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We return to ([4.1](#Equ73){ref-type=""}) and ([4.2](#Equ74){ref-type=""}) and complement them by a $\documentclass[12pt]{minimal}
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More precisely, we again want to find an integer *k* and continuous linear maps *P* and *K*(*E*), but in addition to ([4.3](#Equ75){ref-type=""}) we now require$$\documentclass[12pt]{minimal}
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### Remark 4.1 {#FPar8}

In principle we could allow *P* to depend on *E* and write the initial condition ([4.12](#Equ84){ref-type=""}) as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} N(s)=P(E(s))y. \end{aligned}$$\end{document}$$But if we can choose *E*(*s*) without affecting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U_E(t,s)$$\end{document}$, then, since also $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPhi _E(t,s)$$\end{document}$ is insensitive to the precise value of *E* in *s*, it follows that after all, *P* cannot depend on *E*. A similar observation was made for a related problem in Remark 7.3 of (Diekmann et al. [@CR16]).
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                \begin{document}$$k>r$$\end{document}$ the Eq. ([4.15](#Equ87){ref-type=""}) allows for possibly redundant information in ([4.4](#Equ76){ref-type=""}). Indeed, adding components to *N* that are unobservable, in the sense that they do not contribute directly or indirectly to future output, does not harm; by requiring *k* to be minimal we avoid such redundancy. To derive the conditions, we follow an iterative procedure that is well-known in systems theory.

Our starting point is the output map *O*(*E*). For ([4.14](#Equ86){ref-type=""}) to be possible at all, the range of $\documentclass[12pt]{minimal}
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If one does manage to characterise *P* and *K*(*E*) such that ([4.3](#Equ75){ref-type=""}) holds, one can give the output problem a twist: ([4.11](#Equ83){ref-type=""}) holds for all outputs of the form ([4.14](#Equ86){ref-type=""}). Below we shall follow this road while considering reproduction as part of the output. In this manner we can focus on ([4.3](#Equ75){ref-type=""}) for $\documentclass[12pt]{minimal}
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Physiologically structured population models {#Sec13}
--------------------------------------------

As explained in Sect. [3](#Sec10){ref-type="sec"}, it is natural to consider the p-state of a physiologically structured population as a measure and therefore the p-state space should be a linear subspace *Y* of the vector space $\documentclass[12pt]{minimal}
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If the transport-degradation model is ODE-reducible, that is, if we can find a positive integer *k*, linearly independent measurable functions $\documentclass[12pt]{minimal}
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To solve the problem, we heavily use that ([4.33](#Equ105){ref-type=""}) is a local equation in the *x*-variable. For a fixed value $\documentclass[12pt]{minimal}
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A catalogue of models that admit a finite dimensional state representation {#Sec14}
==========================================================================

In this section we present an explicit catalogue of all possible combinations of model ingredients that allow a finite dimensional state representation for transport-degradation models with $\documentclass[12pt]{minimal}
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Assumption 5.1 {#FPar9}
--------------
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A transformation of the i-state variable affects the death rate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ and the output function *w* in the usual manner. But since the growth rate needs to keep its interpretation, we have to incorporate a transformation specific factor. If$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} y =\phi (x) \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{dx}{da} = g(x,E), \end{aligned}$$\end{document}$$then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{dy}{da}= & {} \phi '(x) \frac{dx}{da} =\phi '(x)g(x,E)=\phi '\left( \phi ^{-1}(y)\right) g\left( \phi ^{-1}(y),E\right) \nonumber \\= & {} \frac{1}{\left( \phi ^{-1}\right) '(y)}g\left( \phi ^{-1}(y),E\right) \end{aligned}$$\end{document}$$and accordingly$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \widetilde{g}(y,E) = \frac{1}{\left( \phi ^{-1}\right) '(y)}g\left( \phi ^{-1}(y),E\right) \end{aligned}$$\end{document}$$is the growth rate of the transformed i-state variable *y*.
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The proofs of these two theorems are given in the next section.

Proofs {#Sec15}
======

Some spadework {#Sec16}
--------------

As a prelude we recall some standard theory concerning linear ODE-systems (cf. Hirsch and Smale [@CR27]). Let $\documentclass[12pt]{minimal}
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### Lemma 6.2 {#FPar14}
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### Proof {#FPar15}
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### Corollary 6.8 {#FPar25}
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### Proof {#FPar26}
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We say that a square matrix is in *subdiagonal Jordan form* if the entries on the main diagonal equal $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$ and the entries on the subdiagonal (that is, the entries immediately under the diagonal) equal 1 and all other entries equal 0.

### Corollary 6.10 {#FPar29}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r=1,\, k\ge 2$$\end{document}$. Assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H(E_0)$$\end{document}$ is in subdiagonal Jordan form and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPhi (0) = (1\, 0\, \cdots \, 0)^T$$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g,\,\mu ,\, w$$\end{document}$ and *H* are as specified in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_3$$\end{document}$.

### Proof {#FPar30}

Because $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H(E_0)$$\end{document}$ is in subdiagonal Jordan form and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPhi (0) = (1\, 0\, \cdots \, 0)^T$$\end{document}$, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \varPhi (t) = e^{\lambda t} \left( \begin{array}{c} 1 \\ t \\ \vdots \\ t^{k-1} \end{array} \right) . \end{aligned}$$\end{document}$$Combining ([6.30](#Equ142){ref-type=""}) and ([6.54](#Equ166){ref-type=""}) we find that *g* has the form specified in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_3$$\end{document}$ with$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} v_0(x) =g(x,E_0) \end{aligned}$$\end{document}$$and hence$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \zeta (x) =\tau (x), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau (x)$$\end{document}$ is defined by ([6.27](#Equ139){ref-type=""}). Combining ([6.25](#Equ137){ref-type=""}) and ([6.55](#Equ167){ref-type=""}) we find that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ is of the form specified in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_3$$\end{document}$ with$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \gamma _0(x) = \frac{\mu (x,E_0)+\lambda }{g(x,E_0)}. \end{aligned}$$\end{document}$$Combining ([6.23](#Equ135){ref-type=""}), ([6.28](#Equ140){ref-type=""}) and ([6.62](#Equ174){ref-type=""}) and taking ([6.27](#Equ139){ref-type=""}) into account, we see that *w* is of the form specified in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_3$$\end{document}$.

Finally we deduce the form of *H*(*E*) by substituting what we know about $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g,\,\mu $$\end{document}$ and *w* into ([4.33](#Equ105){ref-type=""}). $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Lemma 6.11 {#FPar31}
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In order to determine the eigenvalues of *M* we shall relate *M* to the Kac-Sylvester matrix *K* defined by$$\documentclass[12pt]{minimal}
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### Lemma 6.14 {#FPar37}

Let *S* be the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k \times k$$\end{document}$ diagonal matrix with complex diagonal entries$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} S_{jj} = i^{j-1}, \quad j=1,2,\ldots , k. \end{aligned}$$\end{document}$$Then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} SMS^{-1} = iK^T. \end{aligned}$$\end{document}$$
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### Corollary 6.15 {#FPar39}
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We have thus reached the end of the proof of Theorem [5.3](#FPar11){ref-type="sec"}.

Applications to age- and stage-structured population models {#Sec21}
===========================================================

In this section we illustrate our general results by giving a characterisation of ODE-reducible age-structured models and by giving conditions for when the ODE-reduction of a structured model could be interpreted biologically in terms of physiological stages.
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-----
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Theorem 7.2 {#FPar42}
-----------

Under the restriction that the birth rate is of the form ([7.6](#Equ210){ref-type=""}), an age-structured population model is ODE-reducible if and only if the death rate can be written as ([7.11](#Equ215){ref-type=""}) and the *w* occurring in ([7.6](#Equ210){ref-type=""}) has the form$$\documentclass[12pt]{minimal}
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When this is the case,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} N(t) = \int _0^\infty w(x)m(t,dx) = \int _0^\infty w(x)n(t,x)dx \end{aligned}$$\end{document}$$satisfies the ODE$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{d}{dt}N(t) = \left( M(E(t)) + \varLambda -\mu _0(E(t))\right) N(t), \end{aligned}$$\end{document}$$with *M*(*E*) defined by ([7.8](#Equ212){ref-type=""}).

Once *N* has been solved from ([7.17](#Equ221){ref-type=""}), the population density is recovered from the explicit formula$$\documentclass[12pt]{minimal}
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Age-structured models can also be written directly as scalar renewal equations (with input dependent kernel) for the population birth rate. In an earlier paper (Diekmann et al. [@CR16]) we derived necessary and sufficient conditions for ODE-reducibility of such renewal equations. When applied to age-structured models the results of the two papers are of course the same.

Let us point out that the ODE ([7.17](#Equ221){ref-type=""}) resulting from the reduction does not necessarily have any biological interpretation. But if $\documentclass[12pt]{minimal}
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Discussion {#Sec22}
==========

Our focus should be on the biological problem: when is a physiologically structured model ODE representable? That is the question that matters, both practically and foundationally, for community modelling. In the wake of an answer we can re-examine the community models that are directly formulated in terms of ODE in order to determine what i-level physiological processes are, or are not, incorporated.
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So the catalogue is complete for a restricted class of structured population models. We now provide some examples of biologically relevant ODE-reducible models that do *not* belong to that particular restricted class, because the reproduction process does not satisfy condition ([4.28](#Equ100){ref-type=""}). Our first example shows how the simple model of Example [1.1](#FPar1){ref-type="sec"} can be treated.

Example 8.1 {#FPar43}
-----------
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We now provide some other examples that are ODE-reducible, but do not satisfy the restrictions of the present paper.

Example 8.2 {#FPar44}
-----------
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The biological interest of Example [8.2](#FPar44){ref-type="sec"} is that if we let the measure $\documentclass[12pt]{minimal}
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                \begin{document}$$x_2$$\end{document}$ as physiological age. The rate of giving birth is proportional to the square of the individual's size with the proportionality coefficient a function of physiological age that increases monotonically from zero at zero to a finite limit depending on the environmental condition.

The next two examples are not biologically motivated, but are intended to illustrate that, even after scaling of the i-state variable, the growth rate is not restricted to a linear dependence on the i-state components (recall that in our catalogue only $\documentclass[12pt]{minimal}
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Example 8.3 {#FPar45}
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Example 8.4 {#FPar46}
-----------
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Example 8.5 {#FPar47}
-----------

Consider cells that split into two equal parts upon reaching a size $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{1}{2} x_{\max }$$\end{document}$ every now and then, with the number of individuals in the cohort doubling whenever such a jump occurs (Huyer [@CR28]). Note that when we change the reproduction rule and allow the two daughters to have slightly different sizes, the number of cohorts increases.

In an earlier paper (Diekmann et al. [@CR16]) we gave a characterisation of ODE-reducibility for renewal equations of the form$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\begin{aligned} \frac{d}{d\tau } Z(\tau ) = H(E(\tau )) Z(\tau ) \end{aligned}$$\end{document}$$for some matrix valued functions *H*, *U* and *V*. It should, however, be noted that in the earlier paper the requirement that the solution *b*(*t*) of the renewal Eq. ([8.22](#Equ247){ref-type=""}) could be recovered from the solution *Z*(*t*) of the finite dimensional system ([8.24](#Equ249){ref-type=""}) was built into the notion of ODE-reducibility, whereas we in the current paper only require that the *outputs* can be recovered (recall Fig. [2](#Fig2){ref-type="fig"}). More recently we have taken the abstract variant of ([8.22](#Equ247){ref-type=""}) as the starting point for a discussion of ODE-reducibility. In the paper (Diekmann et al. [@CR17]) we provide new examples, recap the present paper and explain the usefulness of *asymptotic* ODE-reducibility.
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